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ABSTRACT: The simplest version of the Lauritzen-Hoffman (LH) model of polymer crystallization, which
applies to infinitely long model polymer molecules crystallizing on an existing substrate of infinite width,
is reexamined. The mathematical expressions for the model free energy barriers are observed to take on
negative values at high supercooling. Since such negative barriers appear to be physically unrealizable for
the crystallization process, the LH model is extended by imposing a mathematical constraint on the expressions
for the barriers, to forbid them from ever being negative. The extended model contains one parameter v
which varies from 0 to 1 and is analogous to the parameter y of the LH model. For all values of v less than
1, the extended model predicts a finite lamellar thickness at every supercooling; moreover, this thickness,
at large undercooling, decreases monotonically with increasing undercooling, in agreement with experiment
butin marked contrast to the LH model which exhibits the well-known &! catastrophe. Therelative insensitivity
of the calculated lamellar thicknesses to the parameter vy supports the use of v = 0 as a first approximation

for mathematical convenience in practice.

I. Introduction

Recently, the crystallization of poly(vinylidene fluoride)
(PVF3y) in the presence of high electric fields has been
studied both experimentally and theoretically. Of the four
well-known crystalline forms «, 8, v, and & (or I1, I, III, and
IV) of PVF;, the phase with the largest spontaneous
polarization and potential for applications is the 8-phase.
Crystallization of PVF; from a concentrated solution of
tricresyl phosphate in the presence of a high electric field
was observed! to produce §-phase crystals, with dipoles
oriented in the field direction, during the initial stages of
crystallization followed by the growth of unoriented
a-phase crystals (nonpolar) as crystallinity increased and
the tricresyl phosphate content decreased by evaporation.
The decrease in tricresyl phosphate content and subse-
quent crystal growth behavior suggests that the local
electric field in the solution region changes. Other
experimental and theoretical?® studies of crystallization
of PVF, from the melt in the presence of a high static
electric field have been made and were found to give
y-phase crystals which however did not show crystal
orientation. Aspart of the continuing effort to understand
the structure—property relationships of PVF; and because
of its practical importance, our ultimate goal—despite the
complexity of the system described—is to develop a theory
or model which can account for its crystallization behavior
from concentrated solutions in the presence of an electric
field.

As in the case of isothermal crystallization of - and
v-phases from the melt in an electric field,® a theory of
isothermal crystallization of a-, 8-, and é-phases from
concentrated solution in an electric field would be based
on “classical” and “polymer” theories of nucleation and
growth in the absence of an applied field. Most impor-
tantly, the nucleation barrier or activation free energy
barrier for nucleation would certainly be different in the
presence of the field than in its absence; and this barrier
has been seen to be of fundamental importance in the
theories of polymer crystallization, the simplest of which
is the LH or Lauritzen-Hoffman theory.4® One possibly
unrealistic feature which seems to have been incorporated
into the LH theory in order to simplify it is that the
nucleation barrier is not constrained in the theory to take
on only nonnegative values.® The word “barrier” connotes

a positive quantity, and, furthermore, the LH theory is
based on transition state theory in which the barrier
corresponds to an intermediate configuration or transition
state of the system which is at a free energy maximum
relative to some initial and final states of the system.?
Moreover, the LH theory exhibits, in contrast with
experiment, the 4/ catastrophe wherein the calculated
average lamellar thickness [ suddenly passes through a
minimum and becomes infinite at a temperature T,
corresponding to a moderately large undercooling; and, in
fact, the nucleation barrier in this theory is positive for all
T > T, is zero at T = T, and is negative for all T < T,
for the special case which Lauritzen and Hoffman*® have
recently considered. Therefore, prior to developing an
extension of the LH theory which would involve ascer-
taining the effect of an electric field on the nucleation
barrier, we try to extend the LH theory to larger under-
cooling by incorporating into it the assumption that free
energy barriers cannot be negative. Note that, unlike in
the LH theory of polymer crystallization, barriers in

" classical nucleation theory are never negative; however,

the classical theory does not explicitly take into account
polymer chain folding, and, for that reason, we have not
yet considered modifying the Marand and Stein theory?
of crystallization from the melt to treat the PVFy/tricresyl
phosphate crystallizing solution.

The remainder of this paper is organized as follows. In
section II, the LH model is described. The kinetic
treatment of the LH model is given in section III. The
rate constants needed for this treatment are determined
in section IV. Next, our extension of the LH model is
described in section V; the conditions which determine
the sign of A¢, the free energy of formation of that portion
of a model polymer molecule which crystallizes first on an
existing crystal, are found in section VI. A summary of
the expressions for the barriers in our model is given in
section VII along with the expressions for the average
lamellar thickness. In section VIII, the variable trans-
formations required as a preliminary to numerical inte-
gration are introduced. Results and discussion appear in
section IX, and conclusions are given in section X.

II. The Lauritzen-Hoffman Model

The model to be extended is one version*® of the well-
known Lauritzen-Hoffman (LLH) model of polymer crys-
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tallization. Our description of this version is as follows.
The model polymer molecules are assumed to be infinitely
long and crystallize on an existing crystalline face or
substrate which is assumed to be infinitely wide (i.e., the
fact that its width is finite is ignored). A sequence of
length ! of polymer segments of width a and thickness b
as well as the volume associated with that sequence—which
is taken to be a parallelepiped of length /, width a, and
thickness b—is designated as astem. Onlystems of length
[ can crystallize on an existing face of length [, but the
length /, the lamellar thickness, can vary from crystal to
crystal. Any sequence of length ! of segments of a model
molecule can be placed first on a given face and, upon
placement, is designated as the first stem. The free energy
of formation of the first stem is

Ay~ Dby = Ad,—0 or A¢, = 2aba,’ + Zblo - ablAf

where Af > 0 is the free energy of fusion per unit volume
at a temperature T below the melting point T° of the
model polymer (i.e., of a crystal of very large ) and Af =
0at T = T,°; where ¢ is the lateral surface free energy per
unit area (i.e., that associated with the surfaces of area bl
and al of a stem); and where 0.’ is the surface free energy
per unit area associated with the cilium that protrudes
through each of the surfaces of area ab of the first stem.
Recently,*7 0.’ has been assumed to be zero; generally,
onecan assume!! that0 < 0.’ < .. Allsurfacefreeenergies
per unit area in the model are assumed to be independent
of T and l. (See Figure 2a of ref 4 or Figure 22 of ref 5.)
The placement of each subsequent stem involves (1) the
destruction of the cilium associated with one of the surfaces
of area ab of an adjacent stem already crystallized, (2) an
adjacent reentry and the formation of a tight fold
associated with two surfaces of area ab, and (3) the
formation of a cilium associated with the remaining surface
of area ab of the stem being placed. Only adjacent reentry
and hence only tight folding is incorporated in this version
of the model.

The free energy of formation of the vth stem (v > 1) is
therefore

A¢, - A, | = —aba, + 2abo, + abo,’ - ablAf
or
A¢, - Ad,.; = 2abo, ~ ablAfBE-E

where A¢, is the free energy of formation of a group of v
stems (relative to A¢p = 0) where o, is the surface free
energy per unit area associated with half of a fold. Iteration
of Ap, = Ap,1 — E (v > 1) gives

Aé, = Ad; - (v - DE
= 2ble + 2abo,’ — 2abo, + vab(2¢, — IAf)

In order that stem additions subsequent to the placement
of the first stem be thermodynamically favorable, i.e., in
order that they would in fact occur, one must impose the
constraint —E < 0 and consequently | > 20./Af. Stems of
smaller length are unstable and disappear. By contrast,
A¢; can be positive, zero, or negative; E > 0 guarantees
that A¢, < 0 will occur for finite ». Note the sign
conventions for A¢; and E.

II1. Kinetic Treatment of the Lauritzen—-Hoffman
Model

Our description of the kinetic treatment*® of the LH
model is as follows. The following assumptions are made:

1. Assume that transition state theory can be utilized
to describe the kinetics of the LH model of polymer
crystallization.
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2. Assumethat the formation (crystallization) of a single
stem is an elementary process or elementary reaction, that
the destruction (melting) of a single stem is an elementary
process or elementary reaction, and that transition state
theory can be applied to these two elementary processes
with a single transition state corresponding to a relative
free energy maximum or barrier thus occurring between
each two integral values of » on a plot of A¢, vs ».

3. Assume that only one stem at a time can be formed
or destroyed.

The kinetic problem is to derive an expression for the
net rate S,(,,T) at which stems of length ! (and width a)
pass over or surmount the sth free energy barrier at
temperature 7. The problem requires consideration of
the set of connected elementary reactions

Ay A A A
0=2122=3=214..

B, B B B
where A is the rate constant for the forward reaction v —
v+ 1 (v 2 1) and B is that for the reverse reaction » + 1
— » (v 2 1), and where A¢ and B, are the analogous rate
constants for the » = 0 = v = 1 reactions. Solution of this
problem in the steady-state approximation gives

Nvo(A_B)
A_B + Bl

for all v, where Ny is the number of sites or locations
available for the placement of a first stem. The total net
rate at which stems (i.e., the net rate including stems of
all possible values of l) pass over the vth barrier at
temperature T is given, for all », by

8,41 = =8,

L

STom](T) = S, D

=i

where /; is the smallest allowed value of [ which satisfies
the constraint | > 20,/Af. Note that [ is a discrete
variable—the smallest increment in [ that can be made is
the monomer repeat length l,. To find [}, first write [ =
ml,, where m is a positive integer. Then [> 26,/ Af implies
m > (20+/ Af)/1,; that is, m is greater than or equal to the
smallest integer greater than (20./Af)/l,, and, therefore,
I = [1 + INT(X)}ly, where X 8 (20,/Af)/ly and INT(X)
designates the integer part of X. Substituting I, = 204/
XAf into the expression for [; gives }; = [(1 + INT(X))/
X1(20¢/Af). To a good approximation, (1 + INT(X))/X
=~ 1 (i.e., X is sufficiently greater than 1) so that l; ~ 20/
Af.

Finally, one assumes that I,., S(,T) ~ 1/1,i7S(,T) di;
and the kinetically-determined average lamellar thickness
is then given by

Josena

Z(T’) =—
fosapa

IV. Determination of the Rate Constants

To obtain expressions for A, B;, A, and B, one must
first determine expressions for the free energy barriers for
the relevant reactions v = v + 1 (v 2 0). Let E; be the free
energy barrier to the destruction of the first stem; then
Ag¢y + E, is the barrier to the formation of the first stem
in order that (A¢; + E)) - E; = A¢;. Let E; be the free
energy barrier to the formation of each subsequent stem;
then E + E; is the barrier to the destruction of each such
stem in order that (£ + E;) — E; = E. Now, one does not
know the free energy barrier to the formation of the first
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stem. At least, one does know that it depends on what
length I’ of a fully adsorbed stem of length ! actually
crystallizes before the barrier is surmounted. If I/ = 0,
then none of the free energy of crystallization (i.e., —ablAf)
is released before the barrier is surmounted, and clearly,
A¢1+ E; = 2abos’ + 2blo and E; = ablAf. Ingeneral, then,
foros/l <]

A¢, + E, = 2abo,” + 2blo - abl’Af and
E, = ab(l- 1" Af

Since ! is unknown, a parameter y = '/l with0 <y <1
is introduced in order that all possible so-called appor-
tionments of the free energy of fusion ablAf between the
rate constants for the formation and destruction of a first
stem (i.e., for the forward and reverse reactions 0 = 1) can
be considered. Thus

A¢, + E, = 2abs, + 2blo - YablAf and
= (1 - y)ablaf.

Note that the greater the amount yablAf of the free energy
of fusion which is in fact “apportioned” (i.e., the greater
the value of ¢ or I), the smaller the value of both A¢; +
E, and E; (for agivenland T). A very similar interpre-
tation of ¢ has been discussed recently.’

Similarly, for each subsequent stem, let I’ (0 < I” <)
be the length of a fully adsorbed stem which actually
crystallizes before the barrier to the formation of the stem
is surmounted. Then

E, = 2abs, - abl’Af and E + E, =ab(l-I")Af

Define the apportionment parameter § = I”’/l with 0 < ¢
< 1so that

E, = 2abg, - Jablaf and E + E, = (1 -{)ablAf.
Finally, utilizing transition state theory

A, = 1_2’_3_" o (Aor+E+aR/AT - Qe Bo+EV/RT

B1 = Be_El/kT; A - 6e-Ez/kT; B = ﬁe_(E+E2)/kT

where AF is the contribution to each barrier as a resuit
of retardations in the transport of a polymer chain through
the liquid to the substrate or vice versa. Note that B/A
does not depend on ¥ and that B,/ A, does not depend on
¥ as required.

V. Extension of the Lauritzen-Hoffman Model

As implied throughout the above discussion, the ap-
plication of transition state theory to the elementary
processes of single stem formation and destruction pre-
sumes that there is a single relative free energy maximum?®
or barrier between each two integral values of » on a plot
of A¢, vs v. Consequently, A¢; + Ey, Ey, Ez,and E + E,
should never be negative. Clearly, E; = (1 - {)ablAf and
E + E; = (1 - J)ablAf are never negative; however, the
expressions given above for A¢; + E; and E; can be
negative. Infact, E;, for example, is negative for all /such
that 2¢./$Af < I for a given Af, ¥, and s.. We propose to
extend the LH model by incorporating into the model the
assumption that free energy barriers cannot be negative;
i.e.,only apportionments of the free energy of fusion which
result in a nonnegative barrier will be allowed.

In order to incorporate this constraint into the model,
first note that A¢; + E; = 2abae + 2bls - YablAf is never
negative when A¢; is positive since then ablAf < 2abs,’
+ 2blo always holds and yablAf < 2abe,’ + 2ble follows.
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However, when A¢; is negative, the expression 2abs,’ +
2ble - YablAf can be negative. The requirement that A¢;
+ E; 2 0 hold when A¢ is negative implies that one is not
allowed to apportion all of the free energy of fusion ablAf
when A¢; is negative. If the amount yablAf of the free
energy of fusion which is apportioned were to exceed 2abg,’
+ 2blo, then A¢1 + E; would be negative. The maximum
amount which can be apportioned is indeed 2abo,’ + 2blg,
and therefore one has, when A¢; < 0

A¢, + E, = £(2abo,’ + 2blo)

where { is an apportionment parameter with 0 < £ < 1,
Using (A¢1 + E\) - E, = A¢yor Ey = (A¢; + E1) — Ay gives

E, = £(2abs, + 2blo) ~ (2abo,’ + 2blo - ablAf) =
ablAf - (1- £)(2aba,’ + 2blo)

Observe that the requirement that A¢; + E; 2 0 holds
when A¢; is negative is equivalent to the physically realistic
requirement that the barrier E; to the destruction of the
first stem cannot be smaller than the free energy increase
(-A¢1) that occurs upon its destruction. Note that ablAf
~ (2abo,’ + 2blo) = ~A¢;. Also, this physically realistic
requirement implies that an adsorbed first stem cannot
completely crystallize before the barrier to the formation
of that stem is surmounted, i.e., that the upper limit on
I’ is less than ! when A¢; is negative. This upper limit on
I’ is determined later. For A¢; > 0, the expressions A¢,
+ E; = 2abe.’ + 2blo + YablAf and E; = (1 - y)ablAf still
holdwith0 <S¢y <1land 0=/ <l

At this point, a simple change of variable is introduced
for convenience. Define A=1-¢(with0 <A <1,

Now observe that, although the free energy of fusion is
ablAf when A¢; is positive or negative, the free energy of
fusion which can be apportioned is ablAf when A¢; is
positive but is (2abo,’ + 2blo) when A¢; is negative. Also,
the free energy of fusion that is in fact apportioned is
YablAf when A¢; is positive but is A(2abas,’ + 2bls) when
A¢1 isnegative. Clearlythen, the fraction of the free energy
of fusion which can be apportioned that is apportioned is
¥ when A¢; is positive but is A when A¢; is negative. If we
always choose the same value for A and ¢, then, over the
whole range of values for A¢;, the fraction of the free energy
of fusion which can be apportioned has the same value.
Let v denote any particular value which is chosen for both
Yand \, where 0 Sy < 1.

Note that equal values of ¥ and A do not imply the same
value of I’ (except when A¢; = 0, as will become evident);
as usual y 2 I/l but an expression for A in terms of I or
vice versa remains to be obtained. In our approach, then,
I’ depends at least on the sign of A¢;, and yet we utilize
only one parameter, y—the fraction of the free energy of
fusion which can be apportioned that is appor-
tioned—which is a constant over the whole range of values
for A¢1.

Insummary, the barriers in terms of the apportionment
parameter vy are

Ad; + E1 =(1-7v)(2abo, + 2blo)
for A, <0
E; = ablAf - y(2abo,’ + 2blo)
Ay + E; = 2abo,’ + 2blc — yablAf
for A, 20
E, =(1 - y)ablaf

where we now observe that (1 - v)(2abg.’ + 2blo) = 2aba,’
+ 2blo~~yablAf when A¢; = 0;1.e., Ad; + E; is a continuocus
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function of | and Af at the points (I, Af) for which A¢; =
0. Note that the greater the value of the apportionment
parameter v, the smaller the value of both A¢; + E; and
E,.

An expression of I is not needed in order to evaluate
Stota(T) and I(T). However, an expression for I’ in terms
of A and vice versa will be derived in order to see how //
depends on other quantities in our model. Given A¢; +
E; = (1 - 2\){(2abe¢’ + 2blo) for A¢; <0, one can first find
v when A¢; < 0 holds in terms of A\ by equating the
expressions

(1 - M) (2aba,’ + 2blo) = 2aba,’ + 2ble — YablAf
whence

(Zabae’ + 2bla)
ablaf

or
¥ = M20,//IAf + 20/aAf)

Clearly, equating these expressions and expressing y when
A¢; < 0in terms of A are valid since decreasing 2abes,’ +
2blo by an amount yablAf must be equivalent to decreasing
2aba,’ + 2bla by AM(2abs,’ + 2bla). Note that the expression
20/ IAf + 20/aAf) is always less than 1 when A¢, is
negative. Tosee this, simply observe that A¢; < 0implies
2aboe’ + 2ble < ablAf and then divide both sides of this
inequality by ablAf. But ¢ = I/l for all values of A¢; so
that

" = M(20,'/IAf + 20/aAf)

Note that since A cannot exceed 1, the largest possible
value of I/, i.e., the upper limit on ’, is I(20.'/IAf + 26/a Af)
for A¢y < 0; as mentioned previously, this upper limit is
indeed less that ! for A¢; < 0.

For completeness, one can also find A\ when A¢; > 0
holds in terms of ¥ by equating the expressions

(1 - A)(2abao,” + 2blo) = 2abs,’ + 2blo — YablAf

whence

A= ¥
(20,//1Af + 20/alf)

Clearly, equating these expressions and expressing A when
A¢y > 0in terms of ¥ are valid since decreasing 2abo.’ +
2bls by an amount yablAf must be equivalent to decreasing
2abos’ + 2blo by A\(2abae’ + 2bls). Here again,y =1/l,and
A= (/DA 2o/ IAf + 20/aAf)). Note that (20.'/IAf +
2¢/aAf) is always greater than 1 when A¢; is positive.

In summary, then, for A¢; < 0, one chooses a value from
0to1forthe parameter v, whence A = v, and then calculates
¥ = N20¢/IAf + 20/aAf). For Ag; = 0, one chooses a value
from O to 1 for the parameter v, whence ¢ = v, and then
calculates A = Y/ (2¢.'/1Af + 20/aAf). Thus

7\. = 'Y
for A¢p; < O
¢ = M26.1Af + 20/aAf)
$=7
_ ¥ for A¢y 2 0
T (20,/I6f + 20/aAf)

For all A¢,, one can calculate I/ from I/ = ! or from I’ =
M(20.'/IAf + 20/aAf).
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Incidentally, the constraint 2abe.’ + 2blo - yablAf = 0
combined with 0 < ¥ < 1 implies that the inequality

0 < ¢ < the smaller of 1 and (2¢,//IAf + 20/aAf)

must be satisfied, and clearly our theory has satisfied it.
Similarly, the constraint ablAf ~ A\(2abs,’ + 2blo) 2 0
combined with 0 < A\ < 1 implies that the inequality

1
(20,/10f + 20/aAf)

must be satisfied, and clearly our theory has satisfied it.

The approach developed above can readily be applied
to incorporate into the model the constraint that E, be
nonnegative. Here, E; = 2abg, - JablAf can be negative
when E is positive, and E is always positive (except when
| = 204/ Af, which gives E = 0). The requirement E; = 0
implies that one is not allowed to apportion all of the free
energy of fusion ablAf. If the amount JablAf which is
apportioned were to exceed 2abs,, then E; would be
negative. Therefore, one has E; = 52abo, where 5 is an
apportionment parameterwith0 <9 <1. E + E; =-2abc,
+ablAf + n2abo, = ablAf - (1 -9)2abo.. For convenience,
make the change of variable 6 =1 -y with0 <8 < 1s0
that for all [ and Af

E,=(1-6)(2abo,) and E + E, = ablAf - 6(2abs,)

Observe that the barrier E + E; to the destruction of the
second and each subsequent stem cannot be smaller than
the free energy increase E that occurs upon its destruction,
which implies that an adsorbed second or subsequent stem
cannot completely crystallize before the barrier to the
formation of the stem is surmounted, i.e., that the upper
limit, determined below, on I’ is less than I.

_ Tofind an expression for I in terms of 6, one first finds
¥ in terms of # by equating the expressions for Ej; i.e.

(1-6)(2abs,) = 2aba, - JablAf

0 < \ < the smaller of 1 and

whence

¥ = 620,/14fH

Clearly, equating these expressions and expressing ¥ in
terms of 6 are valid since decreasing 2abg, by an amount
YablAf must be equivalent to decreasing 2abs. by 8(2abo,).
Note that the constraint 2abe, - JablAf = 0 implies that
the inequality 0 < ¥ < 20,/lAf must be satisfied; since 0
< 6 < 1 holds, we have indeed satisfied this inequality.
Also note that 2¢./lAf is always less than or equal to 1
since! = 20,/ Af has been established. (Incidentally, 2abe,
- JablAf 2 0 does not imply constraints | < 20./yAf, Af
< 20¢/Yl, or g, = YiAf/2) Finally, recalling that ¢ = "/l
and substituting above gives I = 8(204/Af).

In the special case ¥ = § = 0, our model reduces to the
case ¥ = ¢ = 0 of the LH model which permits negative
barriers for nonzero .

VI. Determination of the Sign of Ag;

At this point, one needs to determine when A¢,; is
positive, zero, and negative. Now A¢; = 2abs,” + 2blo -
ablAf = 0 implies bi(20 - aAf) 2 ~2abg,’; and there are
three cases to consider.

Casea: 20-aAf > 0or Af < 20/a. Then the inequality
1> -2abs,//{b(20—aAf)] is always satisfied since l is always
greater than zero, and hence A¢; > 0 holds.

Case b: 20 —aAf = 0or Af = 2¢/a. Then A¢; = 2abs,’,
which is always positive or zero depending on o,'.

Thus, combining cases a and b, we have A¢; = 0 for all
| when Af < 20/a, where A¢; = 0 when both ¢’ = 0 and
Af = 2¢g/a.
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Casec: 20-aAf <0or Af > 20/a. Then A¢; = 0 implies
~bl(aAf - 206) 2 ~2abe,’ or | < (20,//Af)/(1 - 20/aA)) =y
Thus, when Af > 2¢/a, A¢; = 0 holds for I < I, and A¢,
< 0 holds for | 2 ;. (Observe that as Af = 2¢/a from
values greater than 2¢/a, l[o — =.) There is, however, one
further condition to consider here. Recall that ! 2 20./Af
has been established. Ifly < 20./Afholds, then !> [y holds
and consequently A¢; < 0 would hold for all . To
determine when [y < 20,/ Af holds, simply write (2¢,'/ Af)/
(1-20/aAf) < 20/ Af,and noting that 20/aAf < 1,rearrange
this inequality to get 20/aAf < (0, — 0¢')/0e. Now, if g, <
¢/, this inequality would be 20/aAf < 0, which is never
satisfied; hence, ly < 2¢./ Af never occurs when o, < ¢,". If
6> 04/, lo < 20,/ Af occurs when Af > (20/a)loe/(0e - o).
Thus, if ¢, > 0.’ and 20/a < Af £ (20/a)[0e/ (0. = 0¢')], Ad1
2 0 holds for ! < I, and A¢; < 0 holds for [ = Iy, but for
Af > (20/a)[0e/ (06 = a¢)1, A1 < 0 holds for all .

VII. Expression for Stow(7T) and X7T)
If ¢, < o/, our model with no negative barriers has

(1) A¢, + E,| = 2abs,’ + 2blo ~— yablaf  for Af < 20/a
(2) Ag, + E, = 2aba,’ + 2blo - yablaf
for Af > 20/aand ! < I

(2) A¢, + E, = (1 - ¥)(2abo, + 2blo)
for Af > 20/aand l 2 |,

and if o, > 0.’

(1) A¢, + E, = 2abe,’ + 2blo — yablAf  for Af < 20/a

(2) Ag, + E, = 2abo,’ + 2bls - yablAf

ae
for 20/a < Af < 7( e ”e') and!l =1,

2) ¢, + E, = (1- v)(2aba,’ + 2blo)

for 20/a < &f < %’E(%) and !l 2,

[

20’ e
for Af> a (ae - a,’)

The purpose of categories (1)—(3) will be seen shortly.

When A¢y + E; = 2abe.’ + 2blo - yablAf, E, = (1 -
v)ablAf, which we call case I.

When A¢; + E; = (1 - v)(2abe,’ + 2blo), E; = ablAf -

v(2abo,’ + 2bls), which we call case IIL

One always has

E, = (1 - 0)(2aba,)
E + E, = 2aba, + ablAf + E, = ablAf - 62aba,

Also
NyA(1 - B/A)
SUD=1"B4+B/4A
where B/A = eE/*T, Bi/A = e E-Ed/RT gand Ay =
ﬁe-(Ml"'El)/kT,
Abbreviate ¢’ = 2aba.’/RT, ¢ = 2abo./kT, and a = 20/

alf, and recall l; = 20./Af. Then ¢/l; = abAf/RT, ac/l, =
2ba/kT, and E/RT = —¢ + (¢/I)I.
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For case I
A¢, +E, 2abo,  9pls yabldf _ , . ¢
kT - kT T RT kT il
kT kT kT h
Fa=ml-1-bc
1
For case II
A¢,+E, (1-v)(2aba,+2blo) _
kT kT -
(-7 + L -
1
E,-E, ablAf-+~(2abs, + 2blo) (1 -6)2abo, _

kT kT Y
l£(1 —ay)l-y¢ - (1-8)c
1

For case I
SAT ﬁNoe“"e'(a“Y)d/ll(l _ ece—cl/ll)
b= 1 - efe2/h 4 leg-tmel/h
For case II
BNoe-(l—‘V)c'e-(l-'y)acl/l,(1 - ece—cl/ll)
Sn(lsT) =

1- ece-cl/ll + e(l—0)ce‘yc’e-(1—a7)cl/ll

For any Af in category (1), then
S (M =+ fl S, dl and
Jsana

I(l)(n P B
frsena

For any Af in category (2), then
SR = —f,"‘SI(l na+i f Sy, di
and
STy di+ f718y0,D) dl
jlfs,a,:r) di+ [y, D dl
For any Af in category (3), then
S® (T) =+ fz Sy(,1dl and

2(2)(7’) =

fosuena
S suD al

For purposes of comparison, the LH model which
permits negative barriers has, for all / and Af
A¢, + E, = 2abs, + 2blc - yablAf and
E, = 2aba, - JablAf

'[(3)(7") =

so that

El"Ez_ [
5T —(1—¢+¢)7l—c
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and

BNOe—c’e—(a—\P)cl/ll(l _ ece—cl/ll)

(LH) =
SHEAT) 1 = efe-h 4 gt +dlfls

and

gL 1 (LH)

SLH (. T) = fs (,Tdl and

f;zs(“”(z,n di

fl:"s(LH)(l’T) di

As is the case in the LH model, our model has two
parameters. The most logical choice for fis § = v; however,
even with § = «, our integrals cannot be evaluated
analytically. There seems to be no special case (other
than # = v = 0) for which they could be evaluated
analytically. Atthispointthen, we proceed withoutsetting
6=«

'Z(LH)(T') =

VIII. Evaluation of the Stowi(7T) and K T), The
Variable Transformations for the Numerical
Integrations

The required numerical integrations were easily per-
formed interactively on the VAX using the IMSL sub-
routine DQDAGS.!? Integrals to be evaluated using
DQDAGS cannot have an infinite limit of integration. One
way to proceed before using DQDAGS is to make a change
of integration variable. Although DQDAGS can integrate
functions with end-point singularities (when the end points
are finite), a change of variable which results in a
transformed integrand, which is bounded at all points
including the finite end points in the new range of
integration, is preferable to a change of variable which
yields an improper integral albeit with finite integration
limits. For each of the integrals appearing in S5).(T),

%M(T), and S%_(T), a variable transformation which
resulted in a proper integral was in fact found. The same
transformations did not transform the corresponding
integrals in the numerators of IV, 1®(T), and 1®(T) into
proper integrals; however, the transformed integrands were
of the form (~ln x)f(x) with the singularity resulting only
from the factor In x as x — 0. This end-point singularity
could be handled by DQDAGS.

Consider first the integral in S7,,(7). The variable
transformation consists of defining

= e(l—*y)ce-(l—‘y)cl/ll

Note that x(l—~=) = 0; the constant el™¢, je., the
l-independent factor, is chosenso thatx(/=!/,) = 1. Solving
for | in terms of x gives | = [;{1 -~ 1n x/(1 ~ v)c] provided

v # 1. Then dl = -l;/(1 - v)c(1/x) dx. Furthermore,
e—(a-y)cl/ll = e—(cr—‘y)cx(n'—'y)/(l—‘y)’ e—cl/h = e—fxl/(l-‘)‘), and e—(l—-y)cl/ll

= ¢-(I-v)cx g0 that
Stowa(T) =
ﬁNo e—cle'(“'”cllfl
Ly A=y Y0
Simplying gives

x(a—‘y)/(l-‘y)(l _ xl/(l—‘v)) /l

1 - x4 e““’"e“‘“”cx\x)

S BN, e e ey, f1x(“'”/“'””(1—x‘/“‘“’)
Total(n lu (1 7)C

This is one of the integrals that was evaluated numerically
by DQDAGS. Designate the integrand above as fi(x).

0 1= gV 4 g=mcy

Macromolecules, Vol. 26, No. 5, 1993

Using the same variable transformation to evaluate the
numerator of [(V(T) gives

folll[ (lnx) ]fl( )dx
f(,mx)dx

1) =

 flcnof,e d
(1- ‘Y)C ffl(x)dx

1

Next, using the transformation on the integral §/S;

(1,T) di appearing in S, (T) gives

~¢ e—(a—'r)c

fismdi= BN f f,(x) dx

where

J=xd=l) = gleg=Uel/h o H1-m)¢ =1/ (1-a)

with lp = 2¢¢'/(1 ~ @) Af as defined previously. Similarly,
the integral f/°1S(},T) d! appearing in I®(T) becomes

Sasend=

/SNOe‘°'e“““”°ll{’ 1
G Blfid+ g

A different transformation is made on the integral
§28y(1, ) dl also appearing in S (T). Here, define

x = e(l*"t)(c'c')e-(l—'y)acl/ll

Again x(I—=) = 0; the constant e1-v() jg chosen so that
x(I=ly) = x¢, which is given above. Solving for [/ gives | =
(/ac)le-c¢’ - (Anx)/(1 -+)] provided ¥y # 1. Thendl =
~l/(1~-¥)ac(1/x) dx. Furthermore, e-1-vecl/li = g1y,
e/l = e—(c-c’)/axl/(l-'y)a’ and e-(l—a‘y)cl/ll = g cNl-av)/a
x{t-ev/A—ve  Qubstituting gives

!
_17)0 J;lo(—ln 2)fy(x) dx}

6N o ~(1~y)¢’ -(1-7)(c—c’)l

” lx
flo S,Ddl= e

x —((o—c" 1
j:) ’x(1 - e‘e ”/"’xl/“"”"‘)(;) dx/[1-
ece—((c-c')/a)xl/(l—y)a + e(1—0)ce-,c'e_((c-c/)/a)(l—a-y)x(l—a'y)/(l—'y)a] =
~(1-y)e
BNe L J‘xol
0

(1 -7)ac
[1- ece~((c—c’)/a)x1/(1—7)a + e—(ﬂ-'y)cece-((c-d)/a)x(l-a'y)/(l-'y)a]

_ ece-(c—c'/a)xl/(l—'y)a dx/

Designate the integrand above as fy(x). Similarly, the
integral f;71S;;(1,T) dl appearing in 1®(T) becomes
BNge ' lJ(c c)

1= yac *1f fz(x) dx +

ﬁ:lsn(l,T) di=

e 7) rEmey S LEVAC) dx}

Thus

N. e~ e (ﬂ"‘Y)cl
mmj(T) (ﬁ 0—_'f f1( )dx)

ﬂNo (l-v)cll % )
(lu (1 'Y) ff2()dx
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and
1 rb 1 pe
1@ ~ (m’ﬁl lS](l,T’ dl) + (B-N—;flo lSH(l,T) d[)
(T') ) l“ (2)
BNosTom(T)

with the appropriate expressions for the integrals and
S2..(T) to be substituted above.

Finally, consider the integral in S5, (7). The variable
transformation to be made on this integral is

x= e(l—'y)ace—(l—‘y)acl/l;

Again x(l—=) = 0 and the constant e ig chosen so
that x(I=l;) = 1. Solving for ! gives | = };[1 - (In x)/(1 -
v)ac] provided v % 1. Thend! =-[l/(1 - y)acl(1/x) dx.
Furthermore, eI™acl/li = g-U-macy g=el/h = g-exl/Ue,
and e-(l—a‘y)cl/ll = e—(l-a-y)cx(l—a'y)/(l—-y)a so that

6N0 e-(l-'r)(c"+ac)11

Stoa(T) = 1

v (A =v)ac
fl a- xl/(l-'y)a)
0 1- xl/(l—y)a + e-ﬂce'y(c’+ac)x(l—a'y)/(l-'y)a

Designate the integrand above as f3(x). Using the same
transformation to evaluate the numerator of I®(T) gives

L f(,l(—lnx)fs(x)dx
mac [T de

19Ty = 1, +

IX. Results and Discussion

A VAX FORTRAN program was written to evaluate
the required mathematical expressions. All calculations
were done with double precision using the model parameter
values given in Figure 3 of ref 4; namely, 2 = b = 5 X 10~¢
cm, ¢ = 10 erg/cm?, g, = 100 erg/cm?, Tp® = 500 K, Ak
= 3 X 10° ergs/cm3, and Af = (Tw® - T)Ah/ Tw®, where Ah
isthe enthalpy of fusion at T = T',°. The average lamellar
thickness calculated from the LH model is independent
of ¢¢’; this is true for our model only for Af < 2¢/a, however.
Other quantities such as St.u(T) do depend on o’ even
in the LH model, and physically,!! one expects 0 < ¢’ <
de. In the case o’ = 0, our model is slightly simpler, for
then

Adg + El = 2blo - 'YablAf

Af < 20/a
E, =(1 -y)ablaf }

A¢1 + El =(1- 'y)2blo
A > 20/a
E, =ablAf - y2blo

Let us investigate our model in detail for the case o’ =
0 first; this is also the somewhat arbitrary choice for o,/
made for the calculations!? for the LH model. For the
values of a, g, T°, and Ah given above, the temperature
T* for which Af = 2g/a is T* = 433!/3 K.

Given the parameter values above and now with the
choice 8 = v, the calculated average lamellar thickness vs
temperature curves (I vs T) are plotted in Figure 1a for
the selected values of v = 0, 1/4, and /5. (Results for v >
1/, will be discussed later.) Some of the data used to
construct these plots are given in Table I. (For Af < 24/a,
the average lamellar thickness is given by the expression
for I®(T) given previously, and, for Af > 2¢/a, it is given
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Figure 1. (a) Plots of average lamellar thickness (&) vs
temperature (K) for y = 0, /4, and !/3, each with ¢’ = 0 and ¢
= v, See section IX for a, b, o, ce, Tr:®, and Ah which are the
same for all of the figures. At T = 433 1/; K (i.e., = 2¢/a), Ad
=0. For T 2 433!/3 K, A¢; 2 0 and ¢ = v and A = y(aAf/20).
For T < 433Y/3K, A1 <0and ¢ = v(2¢/aAf) and A = . (b) Plots
of average lamellar thickness (A) vs temperature (K) for ¢ = 0,
1/4, Y3, and 1/, each with § = , reproduced from the Lauritzen—
Hoffman Model.! Plots are independent of o.’.

by the expression for I®(T) also given previously.) Clearly,
ldecreases monotonically with decreasing 7'in agreement
with typical experimental behavior. For most supercool-
ings, the magnitude of the | values is on the order of 25-
125 A, which is quite reasonable. Note that, at least for
all values of Af > 2¢/a, | at a given T increases with
increasing vy. Also, the numerical results shown in Figure
laindicate that ] vs T is relatively insensitive to the value
of 7.

For comparison, we have reproduced part of Figure 3b
of ref 1 as our Figure 1b, which shows the LH model ! vs
T curves with § = y for the selected values of = 0, 1/,
1/5,and /3. Some of the data which we calculated in order
to construct these plots are given in Table II. The LH
model ¢ = 0 curve is identical to our y¥ = 0 curve. For Af
< 20/a, each of the LH model “y curves” is qualitatively
similar but not quantitatively identical toits corresponding
“~y curve” presented in Figure la. Recall that the quan-
titative difference arises from the fact that the barrier E,
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Table I
Average Lamellar Thickness (A) as a Function of
Temperature (K) for v = 0 and for v = !/,, Each with oo’ = 0
and 6 = v

Macromolecules, Vol. 26, No. 5, 1993

Table IX
Average Lamellar Thickness (A) as a Function of
Temperature (K) for ¢ = 1/; with ¥ = ¥, Reproduced from
the Lauritzen-Hoffman (LH) Model‘+

temp (K) ¢y=v=0 v=1/2 temp(K) y=4=0 y=1/2

485.000  234.383  235.303  355.000 29.433 33.176
480.000 178.380 179.781  350.000 28.540 32.225
475.000 144660 146.556  345.000 217.700 31.329
470.000 122.074 124.507  340.000 26.907 30.484
465.000 105.867 108.867  335.000 26.157 29.683

330.000 25.446 28.924
325.000 24.772 28.201
320.000 24.130 27.513
315.000 23.518 26.855
310.000 22.935 26.226
305.000 22.377 25.624
300.000 21.843 25.045
295.000 21.332 24.489
290.000 20.841 23.953
285.000 20.369 23.437
280.000 19.915 22,938
275.000 19.479 22.456
270.000 19.067 21.990
265.000 18.651 21.537
260.000 18.258 21.099
255.000 17.878 20.673
250.000 17.511 20.258
245.000 17.1556 19.856
240.000 16.809 19.463
235.000 16.475 19.081

460.000 93.6562 97.253
455.000 84.105 88.342
450.000 76.429 81.344
445.000 70.115 75.762
440.000 64.826 71.267
435.000 60.328 67.641
430.000 56.451 63.528
425.000 53.072 59.481
420.000 50.100 55.988
415.000 47.463 52.941
410.000 45.106 50.259
405.000 42.984 47.871
400.000 41.064 45.744
395.000 39.316 43.821
390.000 37.718 42.077
385.000 36.251 40.484
380.000 34.897 39.023
375.000 33.644 37.676
370.000 32.480 36.429
365.000 31.396 35.270
360.000 30.382 34.188

s See Figure la. See section IX for a, b, 0, 0¢, Tn®, and Ah, which
are the same for all of the tables.

has been constrained to be nonnegative; i.e., E; = (1 -
6)2abo,. For Af > 20/a, however, the LH model y curves
are in marked contrast to the y curves; in particular, for
each ¢ curve, | approaches infinity asymptotically as Af
approaches 2¢/ya. This is the behavior which is known
as the Al catastrophe.

One point is worth emphasizing here, namely, the
relationship between v and ¢. In both our model and the
LH model, ¢ = i’/], but this ratio in the LH model is a
constant, whereas in our model

zoe, 20
. "\ ar " aar 80,0

Y A4, 20

For the case g.’ = 0, this becomes

_ Af 2 20/
¥ Y: f a

Y Af < 20/a

Now, for any given y, say ¥, { in the LH model is infinite
for all Af = 20/y;a; and for all Af 2 24/y;a, thereis no finite
value of ! for any ¥ 2 ;. Equivalently, a value of y = ¢;
is not possible for a chain-folded system for all Af = 24/
y;a; that is, high values of ¢ do not lead to chain-folded
polymer crystals at high enough supercooling according
tothe LHmodel. Experiment, however, gives chain-folded
crystals at high supercooling with an average lamellar
thickness that decreases monotonically with decreasing
temperature. As we have seen, our one-parameter (i.e., y)
model with ¢,’ = 0 does reproduce this high-supercooling
behavior. Yet, high values of ¥, i.e., of the ratio /I, are
not associated with our high-supercooling, chain-folded

temp temp temp
(K) LHy=12 (K) LHy=12 (K LHy=1/2

485.000 235.785  440.000 70.789 400.000 58.677
480.000 180.224  435.000 67.037 395.000 60.458
475.000 146926  430.000 64.009 390.000 64.019
470000 124.780  425.000 61.610 385.000 70.494
465.000 109.027  420.000 59.786 380.000 82,999
460.000 97.290  415.000 58.519 376.000 112171
455.000 88.251  410.000 57.832 370000  232.547
450.000 81.124  4056.000 57.800 365,000 ©

445.000 75.412
¢ Data are independent of ¢,”. See Figure 1b.

systems. To see this, first introduce the dimensionless
quantity x, where 0 < x < 1. Then for any Af = 20/xa,
¥ = v(20/aAf) = vyx. Since vy cannot exceed 1, ¢ in our
model cannot exceed x; for any Af = 20/x;a, where x; is
any given value of x. But this is exactly what was found
for ¢ in the LH model, i.e., that a value of | greater than
or equal to y; is not possible for any Af = 20¢/y;a. Thus,
for Af > 2¢/a, our model, through the imposition of the
constraint that barriers be nonnegative, places exactly the
same upper limit, 20/aAf, on our ¥ that is predicted for y
in the LH model. However, for Af > 2¢/a, our model,
unlike the LH model, predicts I vs T in qualitative
agreement with experiment.

Thus, the selected calculations done for our model
indicate that, for the case o,/ = 0, our model does not
exhibit an infinite average lamellar thickness. Most
importantly, our model predicts I ve T curves which are
monotonically decreasing with decreasing T'in agreement
with experiment. That is, we have successfully extended
the LH model to higher supercooling. Also, this success,
coupled with the numerical results. shown in Figure la,
significantly increases our confidence in usingy =0 as a
first approximation for mathematical convenience in
practice.” Finally, our resultsshow that the Al catastrophe
of the LH theoryis related to the failure to exclude negative
barriers and moreover that the LH approach to polymer
crystallization is in itself valid for high supercooling—given
that negative barriers are forbidden. Prior to this work,
the LH approach had always been described as one which
is invalid at high supercooling.

One set of results with § = v is presented in Table III
Here we see that, for ¥ = /3 and 8 = 1, the calculated I(T)
differ only slightly from the case with y = 1/sand 8 = 1/,.

Next, we investigated our model for ¢’ > 0. (Recall
that ! for the LH model is independent of ¢.” and that our
model is independent of ¢’ for Af £ 2¢/a.) Using the
same values for a, b, 0, ¢e, Tm®, and Ah as above and again
with § = v, I vs8 T curves for ¢’ = 0, 60, 100, and 150
erg/cm?—eachwith y = 1/y—are plotted together in Figure
2. Some of the ¢’ # 0 data used to construct these plots
are given in Table IV (and the s,/ = 0 data has been seen
previously in Table I). From Figure 2, we see that [
decreases monotonically with decreasing T for 0 < ¢,’ <
o.as well as for o,’ = 0 and that ] vs T'is relatively insensitive
to the value of s’ < g.. Thus our conclusions made
immediately above for the case ¢,/ = 0 are valid when 0
< 0 < ge. For o) = 150 erg/cm?, there is a relative
minimum in I vs T near 7' = 405 K, and the curve passes
through a small and “diffuse” relative maximum at a lower
temperature. Recall that one expects 0 < ¢,” < 0. 80 that,
with o, = 100 erg/cm?, g’ = 150 erg/cm? may not be realistic
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Figure 2. Plots of average lamellar thickness () vs temperature
(K) for o’ = 0, 60, 100, and 150 ergs/cm?, each with 8 = y = 1/,,
Each oepn circle designates the point (I, To) at which A¢:(1,T)
=0. For T'> To, Ady 2 0, = v, and A = y(ablAf/(2aba, + 2blo).
For T < To, A¢1 £ 0, ¢ = v(2¢.//1Af + 20/aAf), and \ = 4.

Table IIT
Average Lamellar Thickness (A) as a Function of
Temperature (K) for y =1/5,6 = 1,and 0, = 0

temp 6=1, temp =1, temp 8=1,
(K) vy =1 (K) y=1, (K) y=1/3

495.000 675.848  405.000 46.332 315.000 26.716

490.000 400.000 310.000

485.000 230.877 395.000 42690  305.000 25.516

480.000 390.000 300.000

475.000 142,184  385.000 39.639 295.000  24.405

470.000 380.000 290.000

465.000 104.542  375.000 37.036 285.000 23.373

460.000 370.000 280.000

455.000 84.037 365.000  34.779 275.000 22.407

450.000 360.000 270.000

445.000 71.460  355.000 32.796 265.000 21.501

440,000 350.000 260.000

435.000 63.333  345.000 31.035 255.000 20.646

430.000 340.000 250.000

425.000 56.368  335.000 29.454 245.000 19.836

420.000 330.000 240.000

415,000 50.779  325.000  28.022 235.000 19.067

410.000 320.000

but is examined in order to explore the model predictions
as a function of o'.

The relationship between v and ¢ with o’ # 0 is worth
emphasing at this point. In doing so, one difference
between the cases 0.’ = 0 and ¢’ = 0 will be found; namely,
¥ can exceed {; for some Af = 2¢/¢;a when ¢’ = 0. To
reiterate, in both our model and the LH model, ¢ = /1,
but this ratio in the LH model is a constant, whereas in
our model

2(’e' 20 )
Y < + Ady GLN<o
1A A
ViD= foooeef

T A9, ¢D20

where the notations ¥(l,T) and A¢;:(l,T) emphasize here
the dependence of ¥ and A¢; and l and T. (The T
dependence, of course, enters through Af.) Recalling the
conditions which govern the sign of A¢, then gives, when
Oe > 0o
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v =
(‘

20 G,
for all! when Af > — -
a Gy~ 04
20, 20
Y +
Af aAf 2

20 443 e
for!2lo when — <Af S —
a [ Cy4=0f

20 2 S,
for {2 lo when —<Afs—°( : )
a a

G- Gc'

20
for alll when Af< _a—

-

and when o, < 0.’

209,, 20
+

7( af | eaf
v D=

Y { for I < ly when Af > 20/a

) for [ 2 /o when Af > 26/a

for all { when Af < 20/a

where Iy = (20¢//AP/(1 - 26/aAf). Furthermore, on an !
vs T curve, one has

20, -
'y< =, 2 ) a6, 10
_ Iaf aAf
y (D=
Y A6, (20

where the conditions which govern the sign of Ag; (I, T) are
those given above for A¢1(/,T) but with ! replaced by 1.
Therefore, the temperature T, of a point (lp, To) on an ]
vs T curve and at which A¢:(I,T) = A¢1(lo,To) = O is the
solution to the following nonlinear algebraic equation in
the one unknown T

?(2)(77) = lO

or

lo @
Jsdi+ f Sudl 90 a7
lo © = -
fisidi+ frsgar 1 2oasf

If ge > o/, T will correspond to a value of Af in the range
20/a < Af £ (20/a)(0e/(ae — 04)), but if o, < 0/, Ty will
correspond to a value of Af in the range Af > 2q/a.

Rather than attempt to solve the above equation
iteratively, one simply plots the left-hand side I?(T) vs
T and the right-hand side 1,(T) vs T on the same graph,
and T is given by a point of intersection of the two curves.
Note that, as Af approaches 2¢/a from values greater than
20/a, ly approaches infinity and that /; decreases mono-
tonically with decreasing T for Af > 20/a. For each of the
lvs T curves with o’ > 0, we found one point of intersection
(o, To), which is designated on each curve by an open
circle. We also found that 1@(T) > I, holds when T' < To
and that 1®(T) <7, holds when T'> T,. Thus, A¢(,T) <
0 holds for T < T, and A¢(I,T) > 0 holds for T > T%. Our
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Table IV
Average Lamellar Thickness (4) as a Function of
Temperature (K) for s,/ = 60, 100, and 150 ergs/cm?, Each
with § = v = 1/, (See Figure 2)

temp (K) ae =60 o’ = 100 oy’ = 150
485.000 235.303 235.303 235.303
480.000 179,781 179.781 179.781
475.000 146.556 146.556 146.556
470.000 124,507 124,507 124.507
465.000 108.867 108.867 108.867
460.000 97.253 97.253 97.253
455.000 88.342 88.342 88.342
450.000 81.344 81.344 81.344
445.000 75.762 75.762 75.762
440.000 71.267 71.267 71.267
435.000 67.641 67.641 67.641
430.000 64.735 64.735 64.735
425.000 62.454 62.454 62.454
420.000 60.723 60.743 60.743
415.000 59.214 59.577 59.584
410.000 57.306 58.874 59.005
405.000 54.856 58.337 58.984
400.000 52,149 57.582 59.533
395.000 49.469 56.411 60.296
390.000 46.971 54.852 60.919
385.000 44,708 53.035 61.120
380.000 42,683 51.095 60.800
375.000 40.874 49.136 60.003
370.000 39.252 47.220 58.842
365.000 37.791 45,385 57.434
360.000 36.466 43.648 55.882
355.000 35.253 42.015 54.261
350.000 34.136 40.486 52.625
345.000 33.100 39.056 51.009
340.000 32.131 37.719 49.436
335.000 31.219 36.468 47.918
330.000 30.358 35.295 46.462
325.000 29.541 34.194 45.072
320.000 28.766 33.159 43.746
315.000 28.028 32.183 42.485
310.000 27.324 31.262 41,286
305.000 26.652 30.390 40.145
300.000 26.009 29.564 39.059
295.000 25.392 28.778 38.025
280.000 24.799 28.031 37.040
285.000 24.229 27.318 36.101
280.000 23.681 26.637 35.204
275.000 23.152 25.985 34.346
270.000 22.641 25,360 33.526
265.000 22.147 24.760 32.740
260.000 21.669 24.184 31.986
255.000 21.206 23.628 31.263
250.000 20.756 23.093 30.567
245.000 20.320 22.576 29.898
240.000 19.896 22.076 29.253
235.000 19.484 21.593 28.631

final result is that, on an I vs T curve

20,
y( =4 20) 0<T<T,

IAf aAf
Y To <sT< Tm°

Note that if the dimensionless quantity x, 0 < x < 1, is
again introduced by writing Af = 24/xa, then y = yx((ao.'/
lo) + 1) so that, unlike the case o’ = 0, ¢ can exceed x;
for some Af = 20/x;a, where x; is any given value of x.
Now, upon proceeding to consider results for v > 1/,
our basic conclusions—especially the fact that we have
removed the Al catastrophe at high supercooling—remain
intact; however, we do not obtain [ vs T curves which are
monotonically decreasing for all T'when v is “sufficiently”
large. Using the same values for a, b, 0, 0., T°, and Ah
as previously and again with § = v and ¢, = 0, the calculated
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Figure3. Plots of average lamellar thickness (A) vs temperature
(K) for v = /4, %/, 0.90, and 0.95, each with ¢’ = 0 and 8 = .
As in Figure 1a, A¢; = 0 at T = 433Y/; K. (b) Plots of average
lamellar thickness (A) vs temperature (K) for y = /5, 3/4, 0.90,
and 0.95, each with § = ¢, reproduced from the Lauritzen—
Hoffman model.! Plots are independent of ay/.

1 vs T curves for the selected values of v = /5, %/4, 0.90,
and 0.95 are plotted in Figure 3a, and the curve for y =
0.99 appears in Figure 4. Some of the data used to
construct these plots are given in Table V. The effect of
v on | as a function of 7T is readily apparent. First, the
curve for y = 1/, appears, on closer examination, to exhibit
a discontinuity or break in its slope at the temperature 7%
= 433(1/3) K for which Af = 2¢/a. (This statement will
be qualified later.) As for v = 1/, [ for v = 3/, 0.9, 0.95,
and 0.99 does decrease with decreasing T for all T for
which Af > 2¢/a, and there appears to be a break in the
slope of [ vs T at T = T*. Unlike for ¥ = 1/, the higher
v curves pass through a relative minimum at a temperature
for which Af < 2¢/a; the temperature T at which this
minimum occurs increases with v (for v = 3/4, it occurs
between T = 440 and 433 1/3 K and so can hardly be seen
on the plot). Also, over the interval 7 < T4, [ vs T is at
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Figure5. Plots of average lamellar thickness (A) vs temperature
(K) for o’ = 0, 60, 100, and 150 ergs/cm?, each with § = y = 3/,,
As in Figure 2, each open circle identifies the temperature T\ at
which A¢:(,T) = 0.

Table VI
Average Lamellar Thickness (A) as a Function of
Temperature (K) for ¢ = 0.90 with ¢ = ¥, Reproduced from
the Lauritzen—~Hoffman (LH) Model‘*

T T T T 1
200 250 300 3so 400 450 500

Temperature {K)

Figure 4. Plots of average lamellar thickness (A) vs temperature
(K) for 8 = v = 0.99 and ¢ = 0. As in Figure 1a, 4¢; =0at T
= 433Y/; K.

Table V
Average Lamellar Thickness (A) as a Function of
Temperature (K) for ¥ = 0.90 with ¢’ = 0 and 0 = v (See
Figure 3a)

temp (K) ¥=090 temp() y=090 temp(XK) v=090

485.000 236.013  400.000 89.529  315.000  61.519
480.000 180.939 395.000 86.992  310.000  60.352
475.000 148.300 390.000 84.676  305.000  59.210
470.000 127.027 385.000 82.538  300.000  58.080
465.000 112435 380.000 80.545  295.000  56.992
460.000 102.279  375.000  78.673  290.000 55913

455.000 95.475
450.000 91.672
445.000 91.275

370.000  76.905
365.000  75.226
360.000  73.622

285.000  54.853
280.000  53.809
275.000  52.782

440.000 96.119  355.000 72.087  270.000 51.769
435000 112616 350.000 70.612  265.000  50.770
430.000 117.625 345.000 69.190  260.000  49.784
425.000 109.730 340.000  67.817  255.000  48.810
420.000 103.882 335.000 66.486  250.000  47.847
415.000 99.316 330.000 65.194  245.000  46.895
410.000 95.563  325.000 63.938  240.000  45.953

405.000 92.353  320.000 62.714  235.000  45.021

a relative maximum at T'= T*. Finally, note that Ivs T
curves for 0.99 < y < 1 are qualitatively similar to the vy
= 0.99 curve and do not exhibit an infinite average lamellar
thickness. The numerical integrations in the expressions
for IO(T) and I®(T) could not be done for v =1 as a result
of the factor (1 — v) appearing in various denominators.

For comparison, we have reproduced part of Figure 3b
of ref 1 as our Figure 3b, which shows the LH model ] vs
T curves with § = y for the selected values of ¥ = !/2, %/,
0.90, and 0.95. Some of the data which we calculated in
order to construct these plots are given in Table VI. These
LH model ¢ curves exhibit the Al catastrophe as Af
approaches 2¢/ya, as do all LH curves for 0.95 < ¢ < 1.
The curves for 0.95 < Y < 1 are similar to the y = 0.95
curve; since integrations can be done analytically in the

temp temp temp
K) LH¢=09 (K) LH¢=090 (K) LH¢=09
485.000 237.166 460.000 103.129  440.000 93.098
480.000 182.177  455.000 95.962  435.000 105.777
476.000 149.552  450.000 91.560 430.000 160.924
470,000 128.225  445.000 90.139  425.000 ©
465.000 113.507

2 Data are independent of s,’. See Figure 3b.

LH model when ¢ = y, [ vs T for ¢ = 1 was able to be
obtained.!

Thus, for high enough ¥, our ¢,’ = 0 model  vs T curves
appear to have a break in slope at T = T*, We suspect
that there is indeed a break in slope at T = T* because
the relation

¥ —

Af 2 20/
aAf 4 “

Y Af<20/a

implies that dy/d T is discontinuous at Af = 2¢/a; however,
we have not evaluated di/dT at Af = 2¢/a. The break in
slope is apparently indiscernible up to v values of about
1/,, where the slope of I vs T has the same sign (positive)
regardless of whether the point Af = 2¢/a is approached
from values of Af higher or lower than 2¢/a. As v increases,
however, the break becomes pronounced with the con-
comitant appearance of a relative maximum inlat 7' =
T* and a relative minimum in 7 at T = T%; necessarily
then, the slope of ] vs T as Af approaches 20/a from values
less than 2¢/a becomes negative. We will refer to this
undesirable behavior, manifest at high values of v, as the
7 anomaly. Unlike the Al catastrophe in the LH model,
the relative maximum in I vs T, as noted above, always
appears at Af = 2¢/a for all values of v given that ¢’ =
)

Next, we consider o,” > 0 for high values of v. The |
vs T curves for ¢.” = 0, 60, 100, and 150 ergs/cm?—each
with v = 3/,~—are presented in Figure 5. The curves pass
through a common relative minimum between T = 440
and 433!/3 K (for which Af < 2¢/a), and then each curve
rises and passes through a relative maximum, that
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Figure6. Plots of average lamellar thickness (A) vs temperature
(K) for a,’ = 0, 60, 100, and 150 ergs/cm?, each with 6 = y = 0.90.
As in Figure 2, each open circle identifies the temperature T, at
which Ap:0,T) = 0.

maximum being relatively higher and occurring at higher
Af the larger the value of ¢.’. At each maximum, there
would appear to be a break in the slope of ] vs T. Having
passed through its maximum, each curve decreases mono-
tonically with decreasing T thereafter.

One should be careful to note that what appears to be
a break in the slope of I va T'when o’ 7 0 is probably not
a break in slope; dI?(T)/d T should be continuous for all
relevant T. Whether a break in the slope of I vs T occurs
at Af = 20/a when ¢.” > 0 as was presumed true for o.’
= ( cannot be determined conclusively from the appear-
ance of the graphs, although the break appears to be absent.

Qualitatively similar | vs T curves are obtained for v =
0.9 and ¢’ = 0, 60, 100, and 150 ergs/cm?, as is shown in
Figure 6. See also Table VII. The relative maxima are
higher and “sharper” than the corresponding v = 3/, curves,
and they have moved to higher temperature. For v =
0.99, the analogous curves, shown in Figure 7, exhibit ]
values which are unrealistically large as well as maxima
which are extremely “sharp”.

Thus, from the graphs, we see that the I anomaly
becomes more pronounced but moves to higher temper-
ature as v increases for a fixed nonzero value of ¢.”. That
is, although the relative maximum in ! vs T can appear at
some Af > 2¢/a when o, is nonzero, the maximum becomes
less pronounced as it moves to lower temperature upon a
decrease in y. Our model, then, does not fail at high
supercooling but does exhibit anomalous behavior for
temperatures corresponding to values of Af “just” greater
and “just” less than 2¢/a. This undesirable behavior is
pronounced for large values of v and is more pronounced
for larger values of o’ for a given 7.

We can easily rationalize mathematically how our
calculated | vs T curves can rise with decreasing T for
some Af > 2a/a when o, is nonzero. Recall that the
expression for [?(T), namely

lo ©
_Jasandi+ [Iisy0D dl

= J
f,1 ST dl+ oSy, dl

contains two different integrands Si(I,T7) and Su(l,T).
Depending on o.’, v, and T, the contribution of the integrals
involving Si(1,T) to 1®(T) may outweigh the contribution
of the integrals involving Su(/,T), and, in some cases, our

7(2)(7’)
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Table VII
Average Lamellar Thickness (A) as a Function of
Temperature (K) for o’ = 60, 100, and 150 ergs/cm?, Each
with 8 = ¥ = 0.90 (See Figure 6)

temp (K) as’ = 60 g’ = 100 gy = 150
485,000 236.013 236.013 236.013
480.000 180.939 180.939 180.939
475.000 148.300 148.300 148.300
470.000 127.027 127.027 127,027
465,000 112.435 112.436 112.435
460.000 102.279 102.279 102.279
455.000 95.475 95.475 95.475
450.000 91.672 91.672 91.672
445.000 91.275 91.275 91.276
440.000 96.119 96.119 96.119
435.000 112,616 112.616 112.616
430.000 174.477 176.464 176.675
425,000 201.468 297.598 429.985
420.000 167.419 248.786 364.401
415.000 144.110 205.816 202.407
410.000 128.691 177.388 245.551
405.000 117.747 167.689 213.621
400.000 109.503 143.241 190.563
395.000 103.012 132.137 173.106
390.000 97.724 123.283 159.389
385.000 93.301 116.014 148,284
380.000 89.520 109.905 139.076
375.000 86.231 104.670 131.286
370.000 83.324 100.111 124.586
365.000 80.723 96.086 118.740
360.000 78.366 92.490 113.578
365.000 76.210 89.245 108.971
350.000 74.218 86.289 104.820
345.000 72.363 83.577 101.051
340.000 70.621 81.071 97.602
335.000 68.974 78.739 94.427
330.000 67.408 76.559 91.485
325.000 65.912 74.5610 88.746
320.000 64.477 72.574 86.182
315.000 63.097 70.740 83.773
310.000 61.765 68.993 81.600
305.000 60.477 67.326 79.347
300.000 59,227 65.728 77.301
295.000 58.013 64.193 75.351
290.000 56.831 62.714 73.487
285.000 55.678 61.287 71.700
280.000 54.551 59.905 69.982
275.000 53.448 58.566 68.329
270.000 52.367 57.264 66.733
265.000 51.307 55.998 65.190
260.000 50.265 54.763 63.695
255.000 49,241 53.558 62.244
250.000 48.233 52.380 60.834
245.000 47.240 51.226 59.462
240.000 46.261 50.096 58.124
235.000 45.295 48,987 56.819

calculations show that to a very good approximation
s a

fisama

But this is our expression for I)(T) for the interval Af <
20/a, and the results of our calculations using 1V(T) have
been found to differ little from results using {LH)(T), i.e.,
the LH theory. Notunexpectedly then,?(T) canincrease
with decreasing T for some Af > 20/a. We note that the
numerator of Si(l,T), like the numerator of SLH(,T),
contains the factor Ay = e*e~b2v0aN/kT the form of which
has been associated with!® increases in ! with decreasing
T.

19T =~ with [, approaching infinity

X. Conclusions

We have constructed a model of polymer crystallization
which extends the LH theory by excluding negative free
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Figure7. Plots of average lamellar thickness (A) vs temperature
(K) for a4 = 0, 60, 100, and 150 ergs/cm?, each with 8 = v = 0,99,
For o,/ = 0, 60, 100, and 150 ergs/cm?, T, = 4331/, 432.2, 432.1,
and 432.0 K, respectively. Asin Figure 2, T is the temperature
at which A¢,(1,T) = 0.

energy barriers, and we have shown that the Al catastrophe
of the LH theory is related to the failure to exclude these
negative barriers. Our results show that the new model
is more consistent with experimental behavior at very high
supercooling.

Our results with ¢,” = 0 clearly indicate that the ] anomaly
in our model—and in part the Al catastrophe of the LH
theory—are associated with the interval Af < 2q4/a and
are thus connected to the expression A¢; + E; = 2abe,’
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+ 2blo - yablAf. The | anomaly also appears to be
connected to this expression even when ¢, = 0, i.e., even
when the maximum in I vs T occurs at a temperature for
which Af exceeds 26/a. Although high values for v and
¢ are considered unrealistic as has been elucidated®
recently, however, there is noguarantee that the LH theory
as well as our extension of it has not failed to incorporate
an as yet unknown constraint or feature which would
improve the model results at high v values. For example,
high v values may be unrealistic, but the I values for high
v from an improved model may simply be unrealistically
large but nevertheless monotonically decreasing with
decreasing T for all 7.

In conclusion, we hope to extend our modification of
the LH approach to polymer crystallization to treat the
interesting systems which interact with an applied electric
field.
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